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1. INTRODUCTION 
At an informal gathering prior to the International Congress of 
Mathematicians at Vancouver in 1974, D. H. Lehmer announced a result 
equivalent to the following: 
THEOREM 1. Letp,(n, 2) andp&z, 2) denote the number ofpartitions of n 
with an even or odd number of even parts, resp. Then 
An, 2) = PA -3 + h(n), (1) 
where q,(n) is the number of partitions of n into odd and unequal parts. 
Remark. Lehmer’s actual statement was 
Mn, 2) = p(n) + 4&), (2) 
where &z) is the unrestricted partition function. However, (2) and (1) 
are easily seen to be equivalent. 
Lehmer’s proof of (2) employed generating functions and he asked if a 
combinatorial proof could be supplied. The purpose of the present note is 
to give such a proof. Before doing so, however, we remark that (2) and 
Theorem I are equivalent to the following theorem of Glaisher, published 
in 1876 [I, p. 129; 2, p. 2561. His result, also proved by using generating 
functions, is 
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p,(n) - y&1) : (-- 1),1 q”(i?) 
(We have not used Claisher’s notation). 
Xwnark. The equivalence of (3) and (1) is easily verified by considering 
separately the cases IZ even and IZ odd. Also the proofs of (2) and (3) by 
generating functions can be found witho~~t difficulty by anyone who knows 
the contents of [3, Chap. 191. Hence there is no need to discuss them here. 
Sylvester [4, pi 13--181 gave a combinatorial proof of (3), which is similar 
to, but less straightforward than, ours. 
2. COMBINATORIAL PROOF OF THEOREM 1 
Let S be the set of partitions rr of YI with an even part or a repeated part, 
and define subsets S, , S,, of S as follows. 
7-r E se if 7~ has an even number of even parts. 
rrES, if 7~ has an odd number of even parts. 
WC will consi.ruct a l--l correspondence between S, and SO . Hence, 
is,l; IW. (4) 
By the dehltion of S it follows readily that (4) implies (I). Thus, it remains 
lo prove (4). For all 77 in % set 
r .= r(n) -y largest repeated part of 7r 
c ---: e(n) = largest even part of T. 
For T in A let T be the !~a~sfor~~atio~ which replaces two parts of value !* 
by the single part 2. ht is clear that T(n) E , and that the rna~~~~g 
T: A b B is I - 1” Since 7’ changes the parity of the number of even parts 
of TT, 7. induces a I - L correspondence between S, and S, so that (4) holds. 
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As remarked above, this completes the proof of Theorem 1. Hence we 
have (2) which js Lehmer’s original assertion. 
Examples illustrating the proof of (4). We write the parts of the 
partitions in nondecreasing order, underline the last two parts with value r, 
and enclose the last part with value e in ( ). 
1 2 2 2 4 4 7 7 7 8(12)17 I 2 2 2 4 4 7 8 12(14)17 -- 
2(2)3 3 3 5 7 11 2 2 3 5(6)7 11 -- -- 
1 3 3 3 4(4)7 9 1 3 3 3 7(8)9 
1333357 1 2 3 3 5(6)7 
1357711 1 3 5 11(14) 
Our examples have been chosen so as to illustrate the various possible 
cases that arise with respect to the parameters r and e. 
3. GENERALIZATIONS 
(a) Let M be a set of positive integers and let E be the subset of even 
members of M. Suppose that 2M C M, and (+)E C M, where the notation 
is self-explanatory. Then (1) can be immediately generalized to apply to 
partitions whose parts are in M and the above proof goes through 
unchanged. A set M satisfying the above hypothesis may be called 2-closed. 
Of special interest is the case where M is the set of powers of 2. 
(b) We may generalize the process used in the above proof by 
considering partitions with parts repeated at least m times or with parts 
divisible by m, where m is a fixed integer > 2, and by generalizing the set A 
and the transformation T above in the obvious manner. We can now go 
still further by considering the generalized A and T for any nz-closed set, 
the definition of which should be clear. The details can be left to the reader. 
Remark. Other generalizations involving parts repeated > m times or 
parts divisible by m are also possible, but only the limited generalization 
(a) appears to yield interesting results. 
REFERENCES 
1. L. E. DICKSON, “History of the Theory of Numbers,” Vol. 2, Carnegie Institution of 
Washington, Washington, D.C., 1920. Reprinted by Chelsea, New York, 1952. 
2. 9. W. GLAISHER, On formulae of verification in the partition of numbers, Proc. 
Royal Sac. London 24 (1876), 250259. 
3. G. H. HARDY AND E. M. WRIGHT, “An introduction to the Theory of Numbers,” 
4th ed., Oxford Univ. Press, London, 1965. 
4. J. J. SYLVESTER, ?i constructive theory of partitions, arranged in three acts, an 
interact, and an exodion, Pqers (19121, l--83. Reprinted by CheIsea, New York, 
19’73. (Original in Amer. J. A&th. S (1882), 251-330; 6 (SSS4), 334-336.) 
